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Abstract

This paper investigates the well-known phenomenon of eventual periodicity of Li—
Yorke chaos in the context of the two-sector Robinson—Shinkai—Leontief model of
economic growth. It locates its (i) presence under specific parameter restrictions that
include the extreme classical saving specification, and its (ii) absence in savings
generated by the optimization of an infinitely-lived representative agent with per-
fect foresight. These results in which rare events, chaos and stability are all brought
together under the rubric of upward and downward inertia, while of substantive eco-
nomic interest of their own, also highlight phenomena in economic dynamics that may
go towards a clearer definitional understanding of chaotic systems.
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But this long run is a misleading guide to current affairs. In the long run we are

all dead. Economists set themselves too easy, too useless a task if in tempestuous

seasons they can only tell us that when the storm is long past the ocean is flat
ol

again.

Keynes (1923)

1 Introduction

Since Li—Yorke’s discovery that period-three implies chaos, ithas been long known that
the specific formulation of chaos that they defined and studied could be unobservable;
and thus, a chaotic map may possibly lead to as smooth and as non-erratic a dynamic
as one might imagine; see Li and Yorke (1975). In the ensuing discussion, Nathanson
(1977) constructed a piecewise-linear and Li—Yorke chaotic map on an interval to itself
that did lead to eventual periodicity of any order; that is, to trajectories that converge
in finite periods to a period-p cycle, p > 2 a given integer, starting from almost any
initial point.> This striking result shows that the Li—Yorke chaos could not only be
non-observable but also extremely well-behaved. The question is whether the result
is of any consequence for models in economic dynamics and goes beyond dynamical
systems based on the unit interval.

In this paper, we exploit the recent extension of Nathanson’s construction due
to Khan and Rajan (2017) to elaborate the concept of eventual periodicity in the
two-sector Robinson—Shinkai—Leontief (RSL) model of economic growth.3 This, our
primary contribution, is to present an economic model that exhibits such a seemingly
paradoxical feature of the dynamics, and thereby provides a clearer definitional under-
standing of chaos. Perhaps somewhat more surprisingly, being a benchmark model
with linear technology, the equilibrium dynamics of the RSL model has never been
satisfactorily established.* This charting is perhaps the second contribution of this
paper. In search of eventual periodicity, we provide a comprehensive characterization,
one that goes substantially beyond the existing work that predominantly focuses on the
steady-state analysis,> and thereby connects to Keynes’ well-known statement being
used as the epigraph to this work. In presenting a growth model almost all of whose

1 Keynes (1923, p. 80); also in Keynes’ Collected Works Volume IV, p. 65. Mann (2017, p. 51) uses these
three sentences as the epigraph to his book, and reads them as a “remarkably faithful echo of Hegel, who in
the 1820s told his students that no one should trust a principle according to which ‘things will adjust, they
will take care of themselves.” ” Also see the epigraphs and Chapter 9 of Carter (2020). As we shall see in
Sect. 6 below, these epigraphs serve as the leitmotif for this entire essay.

2 Notice that it is this convergence in finite periods that distinguishes eventual periodicity from asymptotic
periodicity.

3 The model of equilibrium growth in its original form dates back to Joan Robinson’s 1956 book on The
Accumulation of Capital; see Deng et al. (2019) for a textual justification of the RSL appellation. For a
more recent variant in the equilibrium growth setting, see Tobin (1989).

4 The RSL model of equilibrium growth has been studied, following Shinkai (1960), by Uzawa (1961,
1963), Takayama (1963), Inada (1963, 1964), and Amano (1964) among others. The textbook treatments
of Burmeister and Dobell (1970) and Dixit (1976) remain fresh and up-to-date. The RSL model of optimal
growth has been extensively studied in various special cases in Nishimura and Yano (1995, 1996), Khan
and Mitra (2006), Fujio (2005, 2006, 2008, 2009) and Fujio and Khan (2006).

5 Seein particular Tobin (1989) and the subsequent discussion by Steedman (1990).
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equilibrium trajectories exhibit eventual periodicity but are nevertheless chaotic, we
highlight possibilities that are separately well-understood but have never been brought
together in the same model.® It is satisfying that this can be done in the canonical RSL
model, a workhorse in economic dynamics.

Interestingly, for eventual periodicity to arise in equilibrium growth, we demonstrate
that the economy almost surely does not diversify its production in the long run. Once
the economy enters a period- p cycle, it accumulates capital stock by fully specializing
in investment good production for (p—1) periods and then decumulates capital stock by
fully specializing in consumption good production for one period alone. By carefully
picking the depreciation rate, one-period capital decumulation will bring the economy
back to the initial capital stock, thus leading to a period- p cycle.

Beyond equilibrium growth, we carry our inquiry further to study the RSL model
of optimum growth. In particular, we demonstrate that the building block of eventual
periodicity in the form of the Nathanson-Khan-Rajan (henceforth, NKR) construc-
tion, a Z-shaped map in the trapping square, is not optimal for any discount factor.
Our results shed new light on the sources of chaotic dynamics and, more importantly,
their interplay. As identified and synthesized in Mitra et al. (2006), for chaos to arise
from a policy function, economic models need to incorporate either upward or down-
ward inertia. Upward inertia refers to the assumption that the state variable of an
economy cannot jump upwards instantaneously,” while downward inertia refers to the
state variable not being able to jump downwards instantaneously.® Our construction
of eventual periodicity hinges on the marriage of the two types of inertia. The phe-
nomenon of upward inertia meeting downward inertia in the trapping square leads to
a unique Z-shaped map obtained through the Keynesian-type savings behavior and is
precluded when inter-temporal arbitrage conditions are explicitly brought into play.
This result stands in sharp contrast to the aforementioned cases that only one type of
inertia is activated—both the check and the tent map can be sustained as optimal under
certain discount factor, as in Nishimura and Yano (1995) and Khan and Mitra (2012),
but the Z-shaped map, as a combination of the two, cannot be so sustained.

We present the setup of the RSL model of equilibrium growth in the next section.
We characterize equilibrium growth in Sect. 3 and discuss the emergence of eventual
periodicity in Sect. 4. We then show that the Z-shaped map is not optimal in an
optimum growth setting in Sect. 5. We offer concluding remarks in Sect. 6. All the
detailed proofs are provided in Sect. 7.1.

6 See Sorger (1994) and Khan and Piazza (2011) for periodicity; Benhabib and Day (1982), Day and Shaffer
(1985), and Nishimura and Yano (1994) for chaotic dynamics.

7 For example, accumulation of capital stock requires investment and therefore takes time. See the high-
lighted left arm in Fig. 1 below which plots the capital stock in the next period against the capital stock in
the current period. As in Nishimura and Yano (1995), the policy function is a tent map, consisting of an
upward-sloping arm that is precisely driven by upward inertia and a downward-sloping arm in the interior
of the transition possibility set. A similar construction, albeit in an equilibrium growth framework, can be
found in Matsuyama (1999).

8 For example, investment goods are durable with a depreciation rate strictly below one; see the highlighted
right arm in Fig. 1. As in Khan and Mitra (2005), due to this assumption, the right arm of their check-map
is upward sloping, which gives rise to topological chaos.
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Fig.1 Eventual periodicity for p =3

2 The two-sector RSL model of equilibrium growth

We consider a two-sector economy. The production technology employs the same
Leontief technological specification as in Nishimura and Yano (1995, 1996) and Fujio
(2008, 2009). There are two production sectors. One unit of consumption good is
produced by one unit of labor and ac > 0 units of capital; b > 0 units of investment
goods are produced by one unit of labor and a; > 0 units of capital.

Denote by yc¢ the output of consumption goods and by y; the output of investment
goods. According to the technological specification, we have the following resource
constraints for each period:

yc+yr/b <1 (1
acyc +aryr/b < x, (2)

where the total labor is assumed to be unity and stay constant over time; the total
capital stock is given by x.°

The product markets for consumption and investment goods are assumed to be
perfectly competitive. Under the Leontief production technology, perfect competition
implies that

9 Notice that x, yc., and y; may change over time, but for simplicity, we drop the time subscript when
presenting the cross-sectional setting of the model.
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pc < w+acr 3)
pr <w/b+ayr/b, “4)

A

where pc is the price of consumption goods; py is the price of investment goods; w
is the wage rate; r is the rental rate. We normalize pc to be unity.'? The inequality for
pc holds strictly only if yc = 0 and the inequality for p; holds strictly only if y; = 0.
Moreover, w = 0 if there is unemployment of labor, i.e., yc + y;/b < 1;r = 0 when
there is excess supply of capital, i.e., acyc + ajy; /b < x. We rewrite the conditions
above in a compact form

e +y1/b—1Dw =0 (%)
(acyc +aryr/b—x)r =0 (6)
(pc —w —acr)yc =0 (7
(pr —w/b—ajrr/b)yr =0. (8)

Denote the savings rate of the capital income by s; and the savings rate of labor
income by sc.!! Market clearing conditions yield

pcyc = (1 —sc)w + (1 —sp)rx 9
pIyr = Sscw + syrx. (10)

Our setting encompasses several benchmark specifications in the literature of
economic growth as special cases. For example, under “extreme classical saving”
specification as in Hahn and Matthews (1964), capitalists save all their income by
only purchasing investment goods and laborers use all their income for consumption
goods, or equivalently, s; = 1 and s¢ = 0. Under the standard Keynesian setting,
a constant fraction of the aggregate income is saved, which coincides with the case
Sc =8987.

Conditions (1)—(10) characterize a temporary equilibrium for each period.

The dynamics of the model is generated by capital accumulation. Capital cannot be
consumed and depreciates at the rate d € (0, 1). The amount of capital available at the
beginning of next period x’ is equal to the sum of the current production of investment
goods and the left-over capital after depreciation:

X=0-dx+y.
We further define a key parameter

¢=b/lac —ay) — (1 —d) (11)

10 This precludes the possibility of pc = 0, which rules out the case with all factor and product prices
being zero.

11 For similar savings specifications, see chapter 6 of Dixit (1976).
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which features prominently in the analysis of the two-sector RSL model of optimum
growth as in Deng et al. (2019). ¢ can be interpreted as the marginal rate of trans-
formation of capital between the present and the next period under full utilization of
resources.

3 The temporary equilibrium and the resulting dynamics

We first define two cutoff capital stocks

N ajac
 sjac+ (1= spa;
xx =scay; + (1 —sc)ac. (13)

12)

By construction, we have min{ac, a;} < x; < max{ac,a;} fori = L, K. We now
demonstrate that x; and xx serve as important benchmarks to delineate the temporary
equilibrium of the model.

Lemma 1 For x < xp, there exists a temporary equilibrium such that there is excess
labor: yc +y;/b < 1. For x > xp, if there exists a temporary equilibrium, then labor
is fully employed in the equilibrium: yc + y; /b = 1.

Lemma2 For x > xg, there exists a temporary equilibrium such that there is excess
capital: acyc + ajyr/b < x. For x < xg, if there exists a temporary equilibrium,
then capital is fully utilized in the equilibrium: acyc + ajy;/b = x.

The first two lemmas formally establish two very intuitive ideas: the labor constraint
of the economy is binding if and only if labor is sufficiently scarce, while the capital
constraint of the economy is binding if and only if capital is sufficiently scarce. Our
next lemma shows that full utilization of resources is possible in the equilibrium if
and only if the capital-labor ratio is at some intermediate range.

Lemma 3 There exists a temporary equilibrium such that both capital and labor are
fully utilized if and only if the capital stock x is in [min{x, xg }, max{xy, xx }].

To ease the exposition of the main equilibrium characterization result and our
subsequent analysis of the dynamics, we define

f=—+1-—d.
ar

Proposition 1 If x; > xk, the equilibrium law of motion of capital is given by

{6x}) forx € (0, xg)
glx) = {Gx, agc—ba, —x, (1 —=d)x —l—scb} forx € [xg,x1] (14)
{(1 —d)x + scb} forx € (xp,00).
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Fig.2 Characterization of equilibrium dynamics

If xp < xk and ac # ay, the equilibrium law of motion of capital is given by

Ox forx € (0,xp)
g) =1 2% —¢x  forx € [xp, xg] (15)

(1 —=d)x +scb forx e (xk,00).
If xp < xg and ac = ay, the equilibrium law of motion of capital is given by

{6x} forx € (0,ay)
[(1 — d)a; + min{sy, sc}D,

(1 — d)a; + max{sy, sc}b] forx =aj

{(1 —d)x + scb} for x € (ay, 00).

glx) = (16)

The characterization result can be best seen from Fig. 2 which in each panel the
equilibrium growth path is highlighted within the transition possibility set. We illustrate
the equilibrium dynamics for two cases: i) ac > ay and ii) ac < ay. We include Fig. 7
in the Appendix to illustrate a special case of ac = a; which resembles a one-
sector model. Focusing on the top panel of the consumption good sector being capital
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622 L.Deng et al.

intensive (ac > ay) from which our eventual periodicity result will arise, each map
consists of generically three arms, capturing the cases of excess labor, full utilization
of resources, and excess capital. When x; < xg, the temporary equilibrium is always
unique, and thus the equilibrium dynamics is represented by a function as in Eq. 15.
When x; > xg, due to multiple equilibria, the equilibrium law of motion of capital
becomes a correspondence and the three arms occur simultaneously for the interval
(xk,xr) as suggested by Eq. 14. Furthermore, as in Eqs. 14-16, an increase in s
shifts the left arm upwards while an increase in sc¢ shift the right arm upwards.

Being a complete characterization of the equilibrium growth, this result applies to
the consumption good sector being either capital intensive (ac > ay) or labor intensive
(ac < ay). The latter has been considered in Burmeister and Dobell (1970), albeit
in a continuous-time setting.12 When ac < aj, ¢ < —1, the existence of multiple
equilibria, which may give rise to non-convergent paths, echoes their earlier discussion.
With the same cross-sectional specification, Corden (1966) studies the dynamics of
the model in a continuous-time setting without depreciation. Full utilization of labor
and capital is the central focus of that paper. In contrast, our results have shown that it
is essential to move beyond the case of full utilization for a better understanding of the
global dynamics of the model. Moreover, consider the Keynesian savings specification,
s; = sc. According to our definitions, if s; = sc, then xx > xp, with equality if
and only if ac = ay. Then, the proposition suggests that the Keynesian saving always
leads to a unique temporary equilibrium.

Before turning to analyzing the dynamics of the model, we define the following
map, H : Ry — R, by:

(b/aj +1—d)x for x € (0, ay)
H(x) =13 acb/(ac —ay) —¢x forx € [ay, ac) (17)
(1 —d)x for x € (ac, 00).

We refer to H the“Z-map” as its graph is shaped like the alphabet Z. The map has two
kinks: one is its top point where x is equal to a; and the other is its bottom point where
x is equal to ac. The three arms of the Z-map have simple economic interpretations:
the left arm stands for full specialization in the sector of investment goods; the right
arm stands for full specialization in the sector of consumption goods; the middle arm
stands for full utilization of labor and capital. In the analysis of the optimal dynamics
of the RSL model as in Fujio (2009), the Z-map stands for the period-by-period zero
value loss line, which plays an important role in determining the optimal policy.

Corollary 1 Consider the extreme classical saving specification: sc = 0 and s; = 1.
Let ac > aj. Then the equilibrium dynamics of the model is represented by the map
H.

12 gee pp. 149-151 in chapter 5 of their book. They impose the extreme classical saving assumption.
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4 On eventual periodicity in equilibrium growth

In this section, we provide sufficient conditions, which nest the extreme classical
saving specification and the associated Z-map as a special case, for the equilibrium
dynamics of the model to exhibit “well-behaved” chaos, a seemingly paradoxical
phenomenon first identified by Nathanson (1977) and recently extended by Khan and
Rajan (2017).

We first show that under certain parameter restrictions, the equilibrium dynamics
of the model is represented by a Z-shaped map. We then follow the NKR construction
to show that for any integer p > 2, we can always construct a two-sector model of
equilibrium growth such that the equilibrium dynamics converges to a p-period cycle
from almost everywhere.

Lemma4d Let I = [(1 —d)xg +scb,0xr]. Forany x € Ry, thereist’ € N such that
g'(x) €I forallt > t', if all of the following conditions are satisfied: (i) xp < xg;
(ii) Oxp > xg; (iii) (1 —d)xx + scb < xp. Moreover, the graph of g in I x I is
Z-shaped.

Remark 1 If (i), (ii), and (iii) are satisfied, then

¢ = 8GrL) —gbk) _ Gibfar +1—dyxp — (1 —d)xg —scb
o oxk—xL XK — XL

1.

Theorem 1 Let p > 2 be an integer. Let sc = 0 and s; > 0. There exists a quadruple
(ac, ay, b, d) such that for almost every real number x € R, there corresponds a
positive integer ny such that g"x (x) is a point of period p for g.

To see the significance of this result, we consider p = 3 with an extreme classical
saving specification, s; = 1 and s¢ = 0. According to this special case of the theorem,
we can construct an economy in which the equilibrium dynamics converge from almost
everywhere to a three-period cycle: this is plotted in Fig. 1. It is well known that Li—
Yorke chaos could be unobservable, but what our result adds further is that the chaos
in this constructed economy is not only unobservable but also as well-behaved as one
can dream of—it is eventually periodic from almost everywhere!

There are two crucial steps in our construction. First, we pick sy, aj, ac, and b
such that all the three conditions in Lemma 4 are satisfied and thus the graph of g
is Z-shaped in the trapping square. In particular, to ensure that 6x; > xg, the sav-
ings rate of capital income s; needs to be sufficiently high.'*> Second, we pick d
such that (1 — d) = 6'~P, which implies that (I — d) decreases with p, or equiva-
lently, d increases with p: A higher period p is accompanied with higher depreciation
rate.

The intuition behind this result can be better seen from Figs. 3 and 4. Consider an ini-
tial stock xg in the MM’ region, [xg, 0x1]. We know g(xo) = (1 —d)xq. Further, given

the parameter restrictions in our construction, we know g (xo), g2(x0), ..., g7 1 (x0)
13 1n our proof, to simplify our construction, we require s; > HTC, but an inspection of our argument

suggests that it suffices to have s; >

ac—(1—d)a .
5L or equivalently fa; > ac.
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are all in the M"'V region, and given (1 —d) = 077, g”(xo) = (1 —d)0P ' xo = xo.
Since x is arbitrarily chosen from the MM’ region, any point in [xg, 6x7 ] is a peri-
odic point of period- p. By construction, the absolute value of slope of the middle arm
VM, ¢, is greater than one, so the fixed point is not stable. Since the economy tends
to diverge from the middle arm, as shown by Khan and Rajan (2017), if the economy
starts from the middle arm VM, it will almost surely visit the right arm in finite periods,
thus leading to the convergence to a period-p cycle. Last, if the economy starts from
the left arm, it will always visit either the middle or the right arm, again leading to the
convergence to a period-p cycle.

Moreover, evidently in Figs. 3 and 4, once the economy enters a period-p cycle,
it alternates between two specialization regimes. The economy accumulates capital
stock by fully specializing in producing investment goods for (p — 1) periods and
then decumulates capital stock by only producing consumption goods for one period.
Strong depreciation requires more periods of capital accumulation, resulting in the
aforementioned positive relationship between d and p. Almost surely, the resource is
not fully utilized in the long run. Borrowing the terminology from Mitra et al. (2006),
the two specialization regimes stand for two main sources of chaos: the OV line along
which the economy specializes in investment good production corresponds to upward
inertia, impossibility of capital stock jumping from zero to a large amount (a; > 0),
and the OD line along which the economy specializes in consumption good production
corresponds to downward inertia, impossibility of capital stock dropping immediately
from a large amount to zero (d < 1). The existing work has shown that each of
these two types of inertia, combined with the policy function being decreasing for the
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interior part of the transition possibility set, could give rise to chaos. Our construction
shows how chaos could emerge in the form of eventual periodicity when the two types
of inertia meet each other in the trapping square.

As a technical note, it should be pointed out that sc = 0 and s; > 0 are also
necessary for the NKR construction. In their construction, the left and right arms of
the map always intersect on the 45° line from the origin if extended backwards. The
assumption s¢ = 0 is crucial for guaranteeing this property for the map g. To see this,
we calculate the intersection point of the left and right arms by solving

x'=(s;b/a; + 1 —d)x
x'= 0 —=d)x +sch.

The intersection point is given by (x, x') = (aysc /sy, (1 —d)aysc /sy + scb), which
is on the 45° line if and only if (a) s¢ = 0 or (b) s;b/a; + (1 — d) = 1. If (b) is
satisfied, then the left arm overlaps with the 45° line and hence, Condition (ii) and
(ii1) in Lemma 4 cannot be jointly satisfied. Therefore, we must have (a) sc = 0 to
guarantee that if we extend the left and right arms backwards, they intersect on the
45° line and therefore, the theorem in Khan and Rajan (2017) is applicable. Moreover,
sy > 0 is also necessary for the result because otherwise again Condition (ii) and
(iii) in Lemma 4 cannot be jointly satisfied. Figure 5 illustrates an example of a Z-
shaped map that satisfies sc = 0 and s; > 0, while Fig. 6 plots an example of a
Z-shaped map in which the two downward-sloping arms do not intersect on the 45°
line.
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5 On eventual periodicity in optimum growth

In this section, we demonstrate that eventual periodicity that follows as a characteristic
consequence of the NKR construction does not arise in the RSL model of optimum
growth. In particular, we show that the Z-map H does not represent the optimal
dynamics if the necessary conditions for eventual periodicity as in Lemma 4 are
satisfied. It should nevertheless be emphasized that our finding of the incompatibility
of one construction of eventual periodicity with intertemporal optimization does not
necessarily imply the absence of eventual periodicity in general.

Since the Z-map can only arise from the RSL model of optimum growth with
consumption goods being capital intensive (ac > ay), we consider the same setup as
in Deng et al. (2019). The production specification and the law of motion of capital
follows the RSL model of equilibrium growth. The transition possibility set is given
by

Q={x,x)eRy xR, :x' — (1 —d)x >0,x' — (1 —d)x < bmin{l, x/a;}},

where R is the set of non-negative real numbers. The correspondence of consumption
good production is defined as A : 2 — R4 with

Ax,x)={yeRy:0=<y =< (l/ac)(x — (a;/b)(x" — (1 — d)x))
and 0 <y <1—(1/b)(x' — (1 —d)x)}.

The felicity function, w : Ry — IR, is defined as, w(y) = y, and the reduced
form utility function, u : £ —> R, is defined as u(x,x’) = max{w(y) : y €
A(x, x")}. The discount factor is denoted by p € (0, 1). A program from xg is a
sequence {x;, y;} such that forall r € N, (x;, x;41) € £2 and y, = max A(x;, xX;41).
A program {x;", y,'} from xg is said to be optimal if

o
> o' e xi41) — u(xf x )1 <0
t=0

for every program {x;, y;} from xo. Denote the optimal policy correspondence by #.

Proposition 2 If pac(1 — d) < ay, then for any x € (0,ac/(1 — d)) and x' € h(x),
x' <ac.

Corollary 2 Ifac(1 —d) < ay, then the Z-map H is not optimal.

For the Z-map to be Z-shaped in the trapping square, we must have ac (1 —d) < ay.
However, the corollary suggests that precisely because of this necessary condition, the
Z-map is no longer optimal. Therefore, intertemporal optimization precludes eventual
periodicity in the form of NKR construction. Proposition 2 is based on the charac-
terization of the optimal dynamics in Deng et al. (2019), but its implication is of
substantive interest, and of somewhat decisive importance: In a model that marries
downward inertia with upward inertia, a map that combines the tent and check-map,
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the two signature maps characterizing the optimal dynamics in the presence of only
upward or downward inertia, is no longer optimal.

6 Concluding remarks

The results reported in this essay underscore a methodological turn in macroeconomics
and growth theory: a move from Ramsey to Keynes. As such, by reactivating a canon-
ical model of equilibrium growth, our analysis has interest that goes beyond a narrow
technical investigation to the broader issues of comparative and transition dynamics
that underlie the notion of eventual periodicity investigated here.

Conventional economic theory rarely if ever faces this crucial question. An
analytical solution is obtained, and an equilibrium solved for a certain set of
parameters and exogenous variables values. A change is posited, and a new equi-
librium solution calculated. The time taken between these equilibria is almost
never considered as an issue. A brilliant exception to this was published as early
as 1969 by Atkinson. !4

It is not whether Euler-Lagrange conditions are a prerequisite for the definition of an
equilibrium, but rather the difference between a good and bad equilibrium, and the
adjustment an equilibrium. This normative property is the issue. And it is here that
eventual periodicity moves the literature forward by shifting the issue from conver-
gence to convergence in finite time. But to be sure, for the long run to be fully erased
from the discussion, one needs an investigation of the (i) robustness of the model,
including possibly variable discount rates, (ii) response of the finite time to changing
parameters — a deeper quantitative investigation of Atkinson’s question as to how long
is the long run that the specific parameterization of the RSL model makes possible.'?

Circling back from Keynes to Ramsey, and moving to specifics, we then show the
absence of eventual periodicity in the form of the NKR construction in the RSL model
of optimum growth. Could eventual periodicity arise in a different form? To be more
specific, Deng et al. (2019) offer a detailed characterization of the optimal dynamics
under the parameter restriction of ¢ < 1,'® which leads to global convergence to
the steady state or two-period cycles. For ¢ > 1, the optimal policy of the RSL
model has not been fully characterized, but in the light of our result in Sect. 5, it is
reasonable to conjecture that optimal dynamics is not eventually periodic. . Moreover,
in the setting of equilibrium growth, our eventual periodicity result hinges on the
condition 67~ 1(1 — d) = 1. What about the dual condition (1 — d)?~'6 = 1? In the

14 See Ormerod and Rosewell (2006, p. 134) referring to Atkinson (1969). For the recent surveys, see
Hammond and Rodriguez-Clare (1993) and Turnovsky (2003); also see Dixit (1970). The authors continue
“He showed, inter alia, that the typical time scale of transition from one equilibrium growth path to another
in the Solow model was over 100years. But this article appears to have been exorcised from student
reading lists; its implication that economies, even in a strictly neo-classical world, spend a long time out of
equilibrium presumably being too disturbing.”

15 We are indebted to the valuable comments of an anonymous and critical referee.

16 ¢ is the the marginal rate of transformation of capital goods today into capital goods tomorrow, defined
as¢ =b/(ac —ay) — (1 —d).
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Appendix, we offer an example that draws direct parallelism with Fig. 1. Can the NKR
construction be generalized in this alternative setting? We leave all these questions for
future investigation.
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7 Appendix
7.1 Detailed proofs
Proof of Lemma 1: To prove the first part, we consider

1 —spx sybx 1 ar
yc = , YI = , W= 07 r=-—, pr=_—.
ac ay ac bac

It is easy to show that Conditions (1)—(10) are satisfied provided that x < xr. In
particular, the resource constraint for labor is not binding, that is, yc + y; /b < 1.

To prove the second part, suppose on the contrary there exists an equilibrium such
that yc + yr/b < 1 for x > xp. Since yc + y;/b < 1, we must have w = 0.
Since w + acr > pc = 1, r > 0, which implies that capital is fully utilized:
acyc + ajyr/b = x. To proceed, there are three cases: (i) s; € (0, 1); (ii) s; = 0;
(ii1) s7 = 1. Consider (i) s;7 € (0, 1). Since r > 0, market clearing conditions for
consumption and investment goods imply that pcyc > 0 and p;y; > 0, which
further imply yc > 0 and y; > 0. Since yc > 0, pc = w + acr = 1. Further, we
know w = 0,sor = 1/ac. Since y; > 0, p;y = w/b+a;r/b with w = 0, suggesting
pr = ajy/(bac). Since we know w, r, and pj, the market clearing conditions for
both goods imply that yc = (1 — sy)x/ac and y; = s;bx/aj. Consider case (ii):
s; = 0. Since s; = 0, according to the market clearing condition of the investment
goods, pyy; = scw + s;rx = 0. If p; = 0, then p; < w/b + a;r/b, which
implies y; = 0. Therefore, pyy; = 0 implies y; = 0. Since the resource constraint of
capital is binding, yc = x/ac. For s; = 0, what we have obtained can be rewritten
as yc = (1 — sy)x/ac and y; = sybx/aj. Consider case (iii): s; = 1. Similarly,
since s; = 1, according to the market clearing condition of the consumption goods,
pcyc = (I —sc)w + (1 —sp)rx = 0. Since pc = 1, we must have yc = 0. Since
the resource constraint of capital is binding, y; = bx/a;. For s; = 1, we rewrite yc
and yy as yc = (1 —s7)x/ac and y; = sybx/a;. In sum, we have shown that for any
s;,yc = (1 —sp)x/ac and y; = sybx /a;. We then have

1—s K X
yc+y1/b=< I-I——I)x:—Zl,

ac ay XL
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where the last inequality follows from x > x . This contradicts to the supposition that
yc + y1/b < 1. We have now obtained the desired conclusion. O

Proof of Lemma 2: To prove the first part, we consider
yCZI—SC, yIZbSC1 wzl, r=09 p[zl/b

It is easy to show that Conditions (1)—(10) are satisfied provided that x > xg. In
particular, the resource constraint for capital is not binding, thatis, ac yc+ay y; /b < x.

To prove the second part, suppose on the contrary there exists an equilibrium such
thatacyc+ajy;/b < x forx < xg.Sinceacyc+ajy;/b < x, we musthaver = 0.
Since w + acr > pc = 1, w > 0, which implies that there is full employment of
labor: yc + y;/b = 1. To proceed, there are three cases: (i) s¢c € (0, 1); (ii) s¢ = 0;
(iii) sc¢ = 1. Consider (i) s¢ € (0, 1). Since w > 0, the market clearing conditions
for consumption and investment goods imply that yc > 0 and y; > 0. Since yc > 0,
pc = w + acr = 1. Further, we know r = 0, so w = pc = 1. Since y; > 0,
p1 = w/b+ ayr/b with r = 0, suggesting p; = 1/b. Since we know w, r, and py,
the market clearing conditions for both goods imply that yc = 1 — s¢ and y; = scb.
Consider case (ii): sc = 0. Since s¢ = 0, according to the market clearing condition of
the investment goods, pyy; = scw + syrx = 0. If p; =0, then p; < w/b + ayr/b,
which implies y; = 0. Therefore, pyy; = 0 implies y; = 0. Since the resource
constraint of labor is binding, yc = 1. For s¢ = 0, what we have obtained can be
rewritten as yc = 1 — s¢ and y; = scb. Consider case (iii): s¢ = 1. Similarly,
since s¢ = 1, according to the market clearing condition of the consumption goods,
pcyc = (I —sc)w+ (1 —s7)rx = 0. Since pc = 1, we must have yc = 0. Since the
resource constraint of labor is binding, y; = b. For s¢ = 1, we can rewrite yc and y;
as yc = 1 —sc and y; = scb. In sum, we have shown that for any s7, yc = 1 — s¢
and y; = scb. We then have

acyc +ayyr/b=ac(l —sc)+ajsc = xg > x,

which contradicts to the supposition that ac yc +ayyr/b < x. We have now obtained
the desired conclusion. O

Proof of Lemma 3: We consider two cases separately: (i) ac # ay; (il) ac = ay.

Case (i): ac # aj. We first prove the “only if” part. Suppose on the contrary there
exists atemporary equilibrium such that both capital and labor are fully utilized with the
capital stock x ¢ [min{xy, xx}, max{xz, xx}]. Solving yc and y; from the resource
constraints, we have

ac — X X —daj

yi=———b, yc = —. (18)
ac —aj ac —aj

If x is not in [min{ac, ar}, max{ac, ar}], then either y; or yc is strictly negative,
which leads to a contradiction. Hence, we must have x € [min{ac, a;}, max{ac, a;}].
Suppose x = a;. Then yc = 0. Since yc = 0and we know either w > Qorr > 0 from
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pc < w + acr, the market clearing condition of the consumption goods implies that
sc = lors; = 1. However, if sc = 1, then xg = aj;orif s; = 1, x; = ay. In either
case, we have x = ay € [min{xy, xx}, max{xy, xx}], which leads to a contradiction.
Therefore, we must have x # ay, or according to Eq. (18), equivalently, yc > 0.
Since y¢c > 0, we must have 1 = pc = w + acr. Together with the market clearing
condition of the consumption goods, we obtain two linear equations for w and r

w+acr =1 (19)

X —daj
1I=sc)w+ A —sp)xr = —. (20)

ac —aj

Solving for w and r, we have
_ (ar(I=sp) +sjac)(x — xg) 21
(ac —ap)((1 —sc)ac — (1 —s1)x)
XK — X

(22)

" (ac —an((1 —sc)ac — (L —spx)”

If x > xx and x > xr, then w and r must take the opposite signs, contradicting
to the fact that w > 0 and » > 0. Similarly, if x < xx and x < xr, then w and r
must take the opposite signs, again contradicting to the fact that w > 0 and r > 0.
Therefore, there does not exist a temporary equilibrium in which capital and labor are
fully utilized for any x < min{x;, xgx} or x > max{x, xg}.

We now turn to the “if” part. Consider x € [min{xy, xgx}, max{xy, xx }]. Define yc,
yr, w, and r as in Egs. (18), (21), and (22). Further, let p;y = w/b+ajr/b. Itis easy to
show that Conditions (1)—(10) are satisfied. Since by construction, min{ac, a;} < x; <
max{ac,a;}fori =L, K, y; > 0and yc > 0for x € [min{xy, xx}, max{xy, xg}].
To see that w and r are non-negative, notice that they are the roots to the Egs. (19) and
(20). For the roots to the two linear equations to be non-negative, it suffices to have

((1—s1>x— i ac> ((1—sc>— i ) <0,
ac —dajy ac —dajy

or equivalently,

(xp —x)(xg —x)
(ac —an)*(srac + (1 —spay)

=0& (L —x)(xg —x) =0,

which holds for x € [min{xy, xg}, max{x;, xx}]. Since w > 0 and » > 0, by
construction, p; > 0. Therefore, we have constructed a temporary equilibrium such
that capital and labor are fully utilized.

Case (ii): ac = ay. In this case, x; = xg = ac = ay. Then [min{x;, xg}, max
{xr,xgx}] ={as}.lIf x # ay,itis impossible to find y; and yc such that both resource
constraints are satisfied. If x = aj, we can pick

yce=1—sc, yy=bsc, w=1,r=0, py =1/b,
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such that all the equilibrium conditions are satisfied. In this equilibrium, both capital
and labor are fully utilized. O

Proof of Proposition 1: Consider two cases separately: (i) x; > xx and (ii) x; < xg.

Case (i): x; > xg. Consider x < xg. Since x < xg and xg < X1, x < XL.
From Lemma 1, there exists a temporary equilibrium with excess labor. According
to Lemma 2, the resource constraint of capital in a temporary equilibrium is always
binding. According to Lemma 3, there is no equilibrium in which both labor and
capital are fully utilized. Therefore, for x < xg, we must have excess supply of labor:
yc + y1/b < 1 and acyc + ajy;/b = x. Following the proof of Lemma 1, we
can show there exists a unique temporary equilibrium with y; = s;bx/aj. Using the
capital accumulation equation, we have x” = 6x.

Consider x > xy.Sincex > xy andx; > xg,x > xg.FromLemma 2, there exists
a temporary equilibrium with excess capital. According to Lemma 1, the resource
constraint of labor is always binding. According to Lemma 3, there is no equilibrium
in which both labor and capital are fully utilized. Therefore, for x > x;, we must
have excess supply of capital: yc + y;/b = 1 and acyc + a;y;/b < x. Following
the proof of Lemma 2, there exists a unique temporary equilibrium with y; = scb.
From the capital accumulation equation, we obtain x’ = (1 — d)x + scb.

Consider x € (xg, x1,). According to Lemma 1, there exists a temporary equilib-
rium such that there is excess labor. According to Lemma 2, there exists a temporary
equilibrium such that there is excess capital. According to Lemma 3, there exists a
temporary equilibrium such that both capital and labor are fully utilized. Following the
proofs of Lemmas 1, 2, and 3, y; can be scb (excess capital), s;bx /aj (excess labor),
or (ac — x)b/(ac — ay) (full utilization of resource). Using the capital accumulation
equation, we obtain the desired conclusion.

Consider x = xg. According to Lemmas 1, 2, and 3, there exist only two types
of equilibria: excess labor or full utilization of both factors. However, since (ac —
x)b/(ac —ay) = s¢b for x = xg, the same expression of x’ for x € (xg, xr) applies
to the case of x = xg.

Consider x = xy. According to Lemmas 1, 2, and 3, there exist only two types
of equilibria: excess capital or full utilization of both factors. However, since (ac —
x)b/(ac — ay) = sybx/ay for x = xp, the same expression of x’ for x € (xg, xr)
applies to the case of x = xr.

Case (ii): x;, < xg.Considerx < xy.According to Lemma 1, there exists a temporary
equilibrium with excess labor supply. According to Lemma 2, there is always full
utilization of capital in the equilibrium. According to Lemma 3, there is no equilibrium
with full utilization of resource. Hence, the equilibrium with excess labor supply is
unique. Following the proof of Lemma 1, we can show y; = s;bx/a;. From the
capital accumulation equation, we have x" = (s;b/a; + 1 — d)x. Consider x > xg.
From Lemmas 1, 2, and 3, there is a unique temporary equilibrium with excess capital
stock, thus leading to x” = (1 — d)x + scb.

Now consider x € [xy,, xx]. We consider two subcases: (i) ac # ay; (ii) ac = aj.
For (i), according to Lemmas 1, 2, and 3, there exists a unique temporary equilibrium
with full utilization of resource in which yc and y; can be uniquely solved, thus
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leading to x" = acb/(ac — al) — ¢x. For (ii), according to Lemmas 1, 2, and 3, we
know in any temporary equilibrium there is full utilization of resources. Moreover,
since ac = ay, we must have ac = a;j = x; = xg, which implies x = a;. It can be
seen from the resource constraints that yc and y; cannot be uniquely determined in
this case. However, we can show that there exists a continuum of equilibria such that
yr € [min{sy, sc}b, max{ss, sc}b]. To see this, we adopt a similar proof strategy as
in the proof of Lemma 3.

Since we know yc + y;/b = 1, yc can take value from [0, 1]. Suppose yc = 0,
or equivalently, y; = b. The market clearing condition of the consumption goods
suggests that s; = 1 or s¢ = 1. Therefore, we have y; = b = max{sy, sc}b. Suppose
yc > 0. Collecting the pricing and market clearing conditions of the consumption
goods, we obtain

w4acr =1
(I =sc)w+ (1 —sp)xr = yc.

We can obtain non-negative roots (w and r) for this two-equation system if and only if

(I =sc —yo)(d =spx —acyc) < 0.

In other words, a temporary equilibrium exists if and only if the above inequality
holds, which can be further simplified as

(I —=sc—yc)d—s1—yc) <0,

since we know x = a; = ac. The above inequality holds if and only if yc €
[1 — max{s;, sc}, | — min{s;, sc}]. Following from the resource constraint, this is
equivalent to y; € [min{s;, sc}b, max{s;, sc}b]. Plugging y; into the capital accu-
mulation equation, we obtain the desired conclusion. O

Proof of Lemma 4: Since (i) x;, < xg, (ii)) 0x; > xg, and (iii) (1 —d)xg +scb < xr,
we have Ox; > xx > xp > (1 — d)xg + scb. Thus, I is nonempty. Next, we pick
x € Ry, and break up the proof into two steps: (1) x € [ and (2) x ¢ 1.

Step (1): x € I.Let’s write theinterval / as I = 1 UL, Uz with I} = [(1 —d)xg +
scb,xp], I, = [xr, xg], and I3 = [xg, 6x]. Consider the first subinterval /;. From
(i) and (ii) we have 6x; > xg > xp and thus 6 > 1, s0 g((1 —d)xg + sc¢b) > (1 —
d)xk + scb. Further, since g(x1) = 6xy, and g is strictly increasing over I, g(x) € 1
for any x € I;. Next, consider the second subinterval I,. We have g(xy) = 6x;, and
g(xg) = (1 —d)xg + scb. Further, since g is strictly decreasing over I, we have
g(x) € I for any x € I,. Finally, consider the third subinterval [xx, 6x7]. We have

Oxp —g0xp) =0xp — (1 —d)0xp — scb
> 0x; — (1 —d)0xg — scb
=0(xL — (I —d)xg) —scb
> Oscb —scb =0 — 1)scb >0
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where the first inequality follows from (i), the second from (iii), and the third from
6 > 1. We then obtain g(6x) < 6xy,. Since we know g(xx) = (1 —d)xg + scb and
g is strictly increasing over I3, g(x) € I for any x € I3.

Step (2): x ¢ I.Forx € (0, (1 —d)xg + scb), pick ¢’ to be the smallest integer such
that g" (x) = 6" x > (1 —d)xk +scb. By construction, g ~!(x) < (1 —d)xk +scb,
s0 g''(x) < 0((1 — d)xk + scb) < 6x, which implies that g (x) € 1. Further,
since we have shown g(x/) € I forany x’ € I, g'(x) € I for any r > ¢'. Similarly,
for x € (Oxg, oo) pick ¢’ to be the smallest integer such that g /(x) < Oxr. By
construction, g’ ’l(x) > 6xr,s0 g’ (x) > (1 —d)0xr +scb > (1 —d)xg + sch,
which implies that g’ '(x) € I. Since we have shown g(x’) € I forany x’ € I,

g'(x) el foranyt >t'.

Notice that x; > xx > xp > (1 —d)xg + scb, soin I x I, the graph of g has
an upward-sloping arm and then a download-sloping middle arm followed by another
upward-sloping arm, which resembles the character “Z”. O

Proof of Theorem 1: Recall 6 = s;b/a; + (1 — d). We first fix 57, ay, ac, and b such
that s;b > ac > aj. Pick d such that

1 —d=06""P orequivalently, | = (1 —d)(s;b/a; + (1 —d))’~' = ¢(1 — d).

Since p > 2, £ is strictly increasing on (0, 1). Further, since £(0) = 0 < 1 and
201 =1+ bail’)t”_1 > 1, there exists a unique d € (0, 1) such that 1 —d = ol-p
holds. Hence, d is well-defined.

Since s¢ = 0, xg = ac. Since s; > 0anda; < ac, a; < x; < ac. Then we have
xg > xr, which is Condition (i) in Lemma 4. Since s;b > ac = xg and x; > ay,
Ox; > 0a; = s;b + (1 — d)a; > xg, which is Condition (ii) in Lemma 4. Since
1 —d=(s;b/aj+ (1 —d)!"P and xx = ac, (1 —d)xg =0'"Pac < ac/d < xp,
where the first inequality follows from p > 2 and 6 > 1, and the second inequality
follows from 6x; > xg = ac. Further, since sc = 0, wehave x; > (1 —d)xg +sc¢b,
which is Condition (iii) in Lemma 4. We know from the remark to Lemma 4, Conditions
(i), (ii), and (iii) imply ¢ > 1. From Lemma 4 and given s¢ = 0, we restrict our
attentionto I = [(1 — d)xg, 0xr].

To apply the main theorem in Khan and Rajan (2017), we now transform our map
to a map defined on [0, 11.'7 Consider a map f : [0,1] — I, defined as f(x) =
(x1.0 —xg(1 —d)x+xx (1 —d) forx in [0, 1]. Let g = f~'ogo f. Then we have

Ox +k for x € [0, 155]
_ kopl 11—k -1

— B

W= (o (o)) o etz ()

D (v -k (222)) forx e 1 (25552) 1

17 See the correction of Section 2 of Khan and Rajan (2017) in Remark below.
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xk(1=d)(0—1)

where k = TR By construction, | —d = ol=P so
6 —1 6—1 © -1 —d)ay xk(1—=d)@® —1)
= = < =
or — 1 0/(1—d)—1 sib x10 —xg(1 —d)

To see why the inequality above holds, we note
S[b S1b
Oxp=—+U=-d))xp <|—+U=d))xk
ay aj

b
Oxp — (1 —d)xg < <S1—> XK
ar
aj XK
—_—
S[b GXL — (1 — d)xK

where the first inequality follows from x; < xg. Moreover, we know 6x; > xg, SO
O0x; — (1 —d)xg > dxg, or equivalently, 5 > BXL_EC]—K_d)xK’ which implies

6—1 @-DH-d) xx(I-d)O-1)

= > =k,
gr-1_1 d x20 — xg (1 —d)

where the first equality follows from #' =7 = 1 —d. Since p > 2and § > 1, we must
have (6 — 1)/(6” — 1) > 0and (6 — 1)/(6”’_1 — 1) < 1. Thus, we have shown that

0—1 0—1
<

0< < —
or — 1 or—1 1

< 1.

According to Theorem 2.2 in Khan and Rajan (2017), for almost every real number
x € [0, 1], there corresponds an integer n, > 0 such that gZx (x) is a point of period p
for g,,. Further, since f is one-to-one, onto, and continuous, and f —1 s continuous, f
is homeomorphism. According to Ruette (2018), g5 and g are topologically conjugate.
The result above carries over to g and we obtain the desired conclusion. O

Remark 2 Notice that the first inequality concerning the parameter b in Section 2 of
Khan and Rajan (2017) should be corrected as

-1 —1
m <b<m—<1.

0<
mP — 1 mpP—1 — 1

Moreover, as pointed out by one of our referees, for p = 3, f 3(&) = & and hence the
inequality in the proof of Lemma 2.1 in their paper should be written as 0 < f3(£) <

£ < fE) < f2E).

Proof of Proposition 2: We borrow the follow characterization results for the optimal
dynamics from Deng et al. (2019).
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Lemma5 (Deng et al. 2019, Theorem 1) Let ¢ > 1. The optimal policy correspon-
dence h satisfies

{Bx} for x € (0,%/B]

[%, Bx] forx € (X/B, ar]

[, ¢(x —x) 4+ x] forx € (ay, x]

[C(Xx —x)+x,X] forx e (x,ac] ’
[(1 = d)x, £] forx € (ac, /(1 — d))
{ad —-dx} forx € [x/(1 —d), c0)

h(x) C

where B = b/aj + (1 — d) and the golden rule stock X = ac(¢ +1—d)/(¢ + 1).

If a; B < ac, then the result directly follows from Lemma 5. Consider a; 8 > ac,
orequivalently, a; > ac/B. From Lemma 5, we only need to consider x in (ac /B, X —
(ac — Xx)/¢). Suppose on the contrary there exists xo € (ac/B, x — (ac — X)/¢) and
x}" € h(x) such that x{" > ac. Consider an optimal program, {x;'};, starting from xo.
Since x| > ac, x5 > (1 — d)ac due to the feasibility of technology. We know from
Lemma 5 that x; < max{x, (1 — d)xf}. Then, we can always find a program, starting
from the same initial capital stock xq takes x| = x{ — ¢ for a sufficiently ¢ > 0 and
the same plan afterwards, i.e., x; = x;* for r > 2. For ¢ small enough, this program
is technologically feasible. In order to check whether the latter program overtakes the
former it suffices to compare the sum of utilities for the first two periods since these
two programs take the same plan after the second period. Then we have

u(xo, x7) + pu(xy, x3) — u(xo, xj — &) — pu(xy — &, x5)

ay 1—-d
= —ac—b(x;k —XT +8)+,OT(.XT —XT+8)

1—d aj
=—-=zsc|lp————]) <0
b ac(1—-4d)

where the inequality follows from pac (1 —d) < aj. This leads to a contradiction and
establishes the desired result. m]

7.2 lllustration of the equilibrium dynamics when ac = q;

Figure 7 illustrates equilibrium dynamics under a special case of ac = a; which
resembles a one-sector model.

7.3 The equilibrium dynamics for the RSS model

When a; = 0, our technological specification follows the Robinson—Solow—
Srinivasan (RSS) model. In this case, x; = 0 and xg = (1 — sc)ac. With a slight
modification of the argument, Proposition 1 applies and the equilibrium dynamics is
given by
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45°line

X

— —x — X
AFAEXEX

Fig.7 Characterization of equilibrium dynamics: ac = ay

x'=(1-d)x+s b

o

Fig.8 Equilibrium dynamics: the RSS specification

b—<¢x for x € [0, (1 — s¢)ac]

g = { (1 —d)x +scb forx € ((1 - sc)ac, o). .

If the dynamics does not lead to convergence, the check-map, as in an optimum
growth RSS model with certain restrictions on the discount factor (Khan and Mitra
2012), emerges. Note that under the RSS specification, s; does not enter the equation
for equilibrium dynamics. This is because there are only two types of temporary
equilibrium: saving rate of the capital income no longer matters for growth if there
is full utilization of resources or if the rental rate is zero under the excess supply of
capital. Figure 8 illustrates the equilibrium dynamics of this special case.
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x 45° line

o %o (1—d)6x, 6% x

Fig.9 Equilibrium dynamics for (1 — P lo=10=4,d= 1/2)

7.4 lllustration of the equilibrium dynamics when (1 — d)P~16 = 1

Figure 9 illustrates equilibrium dynamics for (1 — d)?~'0 = 1 with p = 3, 6 = 4,
and d = 1/2. Under the condition of (I — d)?~'6 = 1, any initial stock in the MV
region leads to a period-p cycle.
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