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1 Appendix: Proofs of the Results

Proof of Proposition 1:

Since ac > ay, ¢ > d 1, which implies (£,) 2 R2. Given Condition 3, b/a; >
d+1/p 1> d, where the second inequality stems from 0 < p < 1. Since b/a; > d,
d? = dbac /(dac +b day) < b and df < b®/a,. Therefore, d? < bminfl, £/a,g. Then
we must have (2,2) 2

Consider y in  (z,2"). De ne

a(z,2’y) = Qac)z (a/b)E 1 da)) v,
Blz,a’y) = 1 (1) Q@ da)

We have
y+pp' x)=(@1 A) Aoz, y) @ A=z, ),

where A 28G9 Since ac > a; (Condition 1), ¢ > 1, and we know 0 < p < 1

and 0 < d < 1, we have A > 0. Given Condition 3, A < 1. By construction, a(z,2',y) 0
and 3(z,2"%y) 0, which implies

y+pp” z) 1 A

Let=1 (d/b)2=1/ac)(l ad/b)2=(b da)/(b da;+dac)>0. We have
2 (&,2) and a(2,2,9) = B2, 2,9 = 0. Therefore, § = w(2,2) and + (p 1)p2 =
1 A, which implies

w2+ D y+pp z)forall (z,2)2 andy2 (z,zY). (1)
Since u(z, 2") = max (z,z"), we then obtain the desired inequality
w2+ DR u(x, )+ ppd’  z) forall (z,2") 2 . (2)

Proof of Lemma 1:
When labor and capital are fully utilized, we must have

1/ac)@  (a/0)(" (1 D) =1 @/ (1 da).

Let y = (1/ac)(x (a/b)(@® (@ d)x)) =1 (@/b)@@® (@ d)z). Following the
argument in the proof of Proposition 1, we then have o(z,2',y) = B(x,2%,y) = 0, and
we have shown o(2,2,9) = 3(2,2,9) =0, s0 u(£,2) + (p  1)p2 = u(x, 2°) + plpx® ),
or equivalently, § (z,2") = 0.

Proof of Lemma 2:



Given Condition 3, we have pb > a; p(l d)a,, and since we know ac > a;, we
must have
P > ay
(ac a)*+pb p(l d)ac @)  ach’
where the left hand side is equal to fp.
Moreover, since ac > a;, p 2 (0,1) and d 2 (0,1), (ac  a1)(T  p(1 d)) > 0O,

which implies

_ p
Po= (ac a)+pb p(l d)ac ) =

S -

Proof of Lemma 3:

For (i), consider z; and z, in X and A in (0,1). Let z3 = Az; + (1 A)z,. Let
fzi(t), yi(t)g be an optimal program starting from z; for i = 1,2, 3. By construction,
is convex. To see u being concave, letting = = Az1(t) + (1 Na2(t) and 2" = \zq (¢t +
D+ (1 Naz(t +1), we have

u(w,2’) = minf(l/ac)(z  (a/b)@’ @ d)2)),1 @/ Q@ d)z)g

aminf(l/ac)(za(t)  (ar/0)(a(t+1) (1 d)2a($)), 1 (1/0)(za(t+1) (1 d)aa(D))g
+(1 )minf(l/ac)(z2(t)  (ar/b)(z2(t+1) A dz2(8)), 1 Q/0)(z0+1) (1 d)za(t))g
= Aury(f), za(t + 1)) + (1 Nu(za(t), 22t + 1))

Since « is concave, we have

X
AV(z) + (1 NV (x2) pruQai(t) + (1 Nza(t), Aea(t +1) + (1 N)za(t + 1))
=0

VQzi + (1 Naz),

where the second inequality follows from the fact that fAz;(¢)+(1 \)x2(t)giL, generates
a program starting from z3 = Az + (1 N)ax».
For (ii), consider two initial stocks, z; and z, with z; < z,. Let 2} 2 arg maxyz (x,)Fu(z1, 2%)+
pV (2%)g. We then have V(z1) = u(xy,2}) + pV(z}). By the optimality of V, V(z)
u(wa, 7)) + pV(2)) > u(zy, 2}) + pV(2}) = V(x1), where the second inequality follows
from wu(z, 2") being strictly increasing with z.
Proof of Lemma 4:
For i), based on the de nition of the value function,

X
V(z) V(@) = plu(e(), z(t +1))  u(®,2)]
t=0
X
Pl D2 Ppa(t +1)  x(t))]
t=0

= (0 DPR/QA P +Pr(0) =Pz 2)
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where x = x(0) and the inequality follows from Equation 4.

For ii), take = such as x = £ + ¢ for ¢ > 0. Letting ¢ ¥ 0, we obtain V{(2) .
Similarly, take z such as x = £ ¢ for e > 0. Letting ¢ ¥ 0, we obtain p V"(%).
Proof of Lemma 5:

Condition 1 implies ¢ > d 1, which guarantees £ = ac((+1 d)/((+1)<ac.

Condition 3 implies b > da, and we know ac > a,, SO we have

ach (ac  a)(d day)

A = - =
“ “ acd  ard+b

0.
wcd ayd+b -

Therefore, £ > q;.

So far we have shown that a; < £ < ac holds for any (.

We now consider the relationship between 2/(1 d) and ac. Since 2/(1 d) =
ac(C+1 d)/(C+1 d d¢),2/(1 d)>ac.ifandonlyif¢ >0.1f(=0,2/(1 d)=ac.
If (<0,2/(1 d)<ac,but2/(1 d)> 2# still holds because d > 0.

Last, we consider the relationship between £/6 and a,.

by 2 = b+ (1 d)a W
= ((ac a)+ (1 dac W
acd

¢+1

= ( ac a

%(b*‘d(ac ay) acd)
(CTl(b day) .

Hence, a; > #/6 ifand only if > 0. If ( =0, ay = 2/60. If ( <0, a; < £/0, but £/6 < £
still holds because # > 1 according to Condition 3.
Proof of Lemma 6:

Suppose on the contrary there exists x 2 (0,£/6] and z 2 h(x) such that z & 0x.
Since ¢ > 0, according to Lemma 5, x  £/0 < a;. Then we must have z < 6z, and

V(z) =u(x,2) + pV(z) ul(z,0x)+ pV(0x).
Rearranging the equation, we have
w(z,z) ulz,0x) p(V(0z) V() pV'(@x)0x 2) pV' (@O 2) ppz  2),

where the second inequality follows from concavity of V/, the third inequality follows
from concavity of V' and the fact that 0= 2 for = 2 (0,2/6], and the last inequality
follows from Lemma 4 ii).



By the de nition of w, and given that = 2 (0, £/6], we have
w(z,z)  w(z,0z) = (L/ac)lz  (w/b)z (1 dz)]= bz—'c((?ar z) <ppfz =),

where the last inequality follows from Lemma 2. Since we have shown that u(x, 2)
u(z,0x)  pp(@x  z). This leads to a contradiction and establishes the desired result.
Proof of Lemma 7:

Suppose on the contrary there exists x 2 [£/(1 d), 1) and z 2 h(z) such that
26 (1 d)x. Then we must have z > (1 d)z, and

V(z) =uw(z,z) +pV(z) wulz, (1 d)z)+pV(Q d)x).
Rearranging the equation, we have

u(z, 1 d)r)  u(z,2) (V) V(@ d)a)) pVAQ Do)z @A d)2)
Vi (1 dz) ppz (1 d)a),

where the second inequality follows from concavity of V/, the third inequality follows
from concavity of V and the fact that £ (1 d)x, and the last inequality follows from
Lemma 4 ii).

By the de nition of u, and given that = 2 [2/(1 d), 1), we have

u(z, 1 d)r) ulxz2)=( @ d2)/b>pp(z 1 d)),

where the last inequality follows from Lemma 2. Since we have shown that u(x, (1
d)x) u(r,z) pp(z (1 d)z). This leads to a contradiction and establishes the desired
result.
Proof of Proposition 2:

We proceed by going over each subregion.

Subregion (2/0, a]:

Suppose on the contrary there exists x 2 (£/60,a,] and z 2 h(z) such that = 2
[2,0zx]. Then we must have z < £. By the optimality of z,

V(z) =ulx,2) + pV(z) ulx,?)+ pV(2).
Rearranging the equation, we have
u(z,z)  u(z2)  p(V(®) V() pV' (& 2) PR 2),

where the second inequality follows from concavity of V' and the third inequality follows
from Lemma 4 ii).



By the de nition of u, and given that = 2 (2/6, a,], we have
wr,2) u(@d) - D) <ppd ),
bac

where the last inequality follows from Lemma 2.

Since we have shown that u(z, z) wu(x,2) pp(& =z). This leads to a contradiction
and establishes the desired result.

Subregion (ay, 2]

Consider (ahfb].ﬁ] Suppose on the contrary there exists = 2 (a,,2] and z 2 h(z)
such that z 2 [2, (£ z)+2£]. There are two possible cases: (i) z < £; (ii) z > (& z)+2.

Consider (i) z < 2. We have

V(z) =u(z,2) +pV(z) ulz, )+ pV(2).
Rearranging the equation, we have

w@,2)  u(@,d) p(V(E) V(E) pV@E 2 ppE 2),

where the second inequality follows from concavity of V' and the third inequality follows
from Lemma 4 ii).
By the de nition of «, and given that x 2 (a,, 2], we have

u(z, z)  u(x,?) bC;—IC(:% 2) < pp(®  2),

where the last inequality follows from Lemma 2.

Since we have shown that u(z,z) wu(x,2) pp(& =2). This leads to a contradiction
and establishes the desired result.

Consider (ii) z > (& =z) + 2. We have

V(z) = ulz,2) +pV(2)  w(z, (@ 2)+2)+pV(C((2 2)+2).
Rearranging the equation, we have

uw(z, (& 2)+8)  u(z,z) p(V(z) V(@& 2)+2))
PViE o)+ B @ 2)+1)
Vi) (@ 2)+2) iz (@ 2)+%)
4This is the range of (0;%] in the RSS model. When a, = 0, the optimal policy correspondence can

be further reduced to a function. For a complete characterization for x 2 (a;;®] in the RSS model, see
Lemma 2 in [I].




where the second inequality follows from concavity of V/, the third inequality follows from
concavity of V' and the fact that ((# z)+2 2 for z 2 (a,, 2], and the last inequality
follows from Lemma 4 ii).

By the de nition of «, and given that x 2 (q,, 2], we have

u(z, (@ 2)+8) ulzz) Q/D)E @& 2)+2)>p(z (& z)+1),

where the last inequality follows from Lemma 2.

Since we have shown that u(z, (((2 x)+2)) wu(x,z) pp(z (@ =z)+2)).
This leads to a contradiction and establishes the desired result.

Subregion (2, ac]:

Suppose on the contrary there exists = 2 (#,ac] and z 2 h(z) such that > 2
[C(2# x)+ 2, 2] There are two possible cases: (i) z > 2; (i) z < {(&# z)+ 2.

Consider (i) z > £. We have

V(@) = ulz,2) +pV(2)  u(z,2)+pV ().
Rearranging the equation, we have

w@, ) ulz,z) p(V(z) V@) pVi@®( 8 pp(z D),

where the second inequality follows from concavity of V' and the last inequality follows
from Lemma 4 ii).
By the de nition of «, and given that x 2 (£, ac], we have

u(z,?)  u(z,z) @/0)(z 2)>po(z 2),

where the last inequality follows from Lemma 2.

Since we have shown that u(z,2) wu(z,z) pp(z £). This leads to a contradiction
and establishes the desired result.

Consider (ii) z < {(& x)+ 2. We have

V(z) = ulz,2) +pV(2) (. (& 2)+8)+pV(C(@ =z)+12).
Rearranging the equation, we have
u(r,z)  ulz, (& ) +2) p(V(CE  x)+%8) V()

PV A )+ )@ o)+ 2)
PV @@ 2)+2) 2 pMEE 2)+2) 2)
where the second inequality follows from concavity of V, the third inequality follows

from concavity of V' and the fact that ((# x)+ 2 2 for x 2 (£,ac], and the last
inequality follows from Lemma 4 ii).



By the de nition of «, and given that x 2 (£, ac], we have
w(z,z)  u(z,((®  z)+ 1) %((C(ﬁ ) +8) 2) <pPo((C(® z)+2) =2),

where the last inequality follows from Lemma 2.

Since we have shown that u(z,z) wu(x,(((2 x)+2)) p(([C(ER x)+2) =2).
This leads to a contradiction and establishes the desired result.

Subregion (ac,2/(1 d)):

Last, we consider (ac,2/(1 d)). Suppose on the contrary there exists x 2 (ac,2/(1
d)) and z 2 h(x) such that z 2 [(1  d)z,£]. Then we must have > > £. By optimality of
z,

V(z) =ulx,2) + pV(z) ulx,?)+ pV(2).

Rearranging the equation, we have

w@, ) u(z,z) p(V(z) V@) pVi@®( 2) pp(z D),

where the second inequality follows from concavity of V', and the last inequality follows
from Lemma 4 ii).
By the de nition of w, and given that = 2 (ac,2/(1 d)), we have

u(z,2)  u(r,z)  Q/0)(z 2)>pPo(z %),

where the last inequality follows from Lemma 2.

Since we have shown that u(z,2) wu(z,z) pp(z 2). This leads to a contradiction
and establishes the desired result.
Proof of Corollary 1:

First, h(2) = f2£g. If the initial stock is the golden rule stock, the system will stay
at the golden rule stock. To see the dynamics for the initial stock x & £, we rewrite
¢ < 1 more explicitly as

b

ac 7]

(1 d) <1,0b (1 d)(ac CL|) <ac a) » [004 CL(;]+[CL| (l d)ac] <0,

where the last inequality suggests either (i) fa; < ac or (ii) a; < (1  d)ac (or both).
Consider (i) fa, < ac. Suppose = 2 [a;,2). We know G(z) = [2,{(2 z)+2]. Since
Oay < ac, G(z) [2,0a1] [#,ac], and therefore, G?(x) = [(1 ¢?)2 + %z, 2]. Since
¢2(0,1) and z < £, we have (1 ¢?)2+(%x > x. This implies that limys 1 G%(x) = fAqg.
Since limys2 ((# )+ 2 = £, we must have limgy 1 G?*1(2) = f2g. This leads to the
desired conclusion that x converges to 2 for x 2 [a;,2). Since limys 1 G'(x) = f2g for
any z 2 [ay,%), limgs 1 GY(z) = f2g for any = 2 G([ar,2)) = [2,0a,]. Further, since
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G([2/0,a1]) = [2,0a,], the system must converge for any z in [2/0,a,]. Since we know
that h(x) = foxg for = in (0,2/0), for any = in (0,2/0), after nite periods, the stock
must enter the region [£/0, £), thus leading to convergence. So far we have shown that
the system converges for any x in (0, 6a,]. According to Theorem 1, for any x greater
than 2, after nite periods, the stock must be below £, again according to what we have
shown, leading to convergence.

Consider (ii) a; < (1 d)ac. Suppose x 2 (£, ac]. We know G(z) = [((2 z)+2,2].
Since ay < (1  dac, G(x) [1 dac,?] [ar,2], and therefore, G?(z) = [2, (1
()2 + (2x]. Since ¢ 2 (0,1) and = > £, we have (1 (22 + (?x < x. This implies that
limes 1 G?(z) = F2g. Since limyuz (& ) + £ = £, we must have limys 1 G?1(z) =
f2g. This leads to the desired conclusion that x converges to £ for = 2 (£, ac]. Since
limes 1 GY(z) = f2g for any = 2 (2, ac], limys 1 GY(z) = f2g for any = 2 G((2,ac]) =
(1 d)ac,?]. Further, since G([ac,2/(1 d))) =[(1 d)ac,?], the system must converge
forany zin[ac,2/(1 d)). Since we know that h(z) = f(1 d)zgforzin[2/(1 d), 1), for
any zin[2/(1 d), 1), after nite periods, the stock must enter the region ([2,2/(1 d)),
thus leading to convergence. So far we have shown that the system converges for any x
in[(1 d)ac, 1). According to Theorem 1, for any x less than £, after nite periods, the
stock must be above 2, again according to what we have shown, leading to convergence.

We now have shown for any x, the optimal policy leads to a convergence to the
golden rule stock.

Proof of Proposition 3:

Consider the subregion (0, a,].

Suppose on the contrary there exists x 2 (0,q,] and z 2 h(x) such that z & 6z.
Then we must have z < fz. By the optimality of z,

V(z) =u(x,z) + pV(z) u(x,0x)+ pV(0x).
Rearranging the equation, we have
w(w,z)  u(e,0z)  p(V(x) V(2)) pV @)z z) pV (B0 2) ppdr  2),

where the second inequality follows from concavity of V/, the third inequality follows from
concavity of V' and the fact that 6a; £ for ¢ 0 (Lemma 5), and the last inequality
follows from Lemma 4 ii).

By the de nition of «, and given that x  «a,, we have

u(z,z)  u(z,0z) = (L/ac)lz  (a/0)(z (1 d)x)]=lz—lc(9x z) <pp(fz  2),

where the last inequality follows from Lemma 2. Since we have shown that u(x, 2)
u(z,0x)  pp(@x  z). This leads to a contradiction and establishes the desired result.

8



Consider the subregion [ac, 1).
Suppose on the contrary there exists © ac and z 2 h(x) such that z & (1 d)zx.
Then we must have z > (1 d)z. By the optimality of z,

V(z) =uw(z,z) +pV(z) @, (1 d)z)+pV(Q d)x).
Rearranging the equation, we have

u(z, (1 d)r)  u(z,2) p(V() V(A dz)) pV(@Q da)z @A d)2)
Vi (1 dz) ppz (1 d)a),

where the second inequality follows from concavity of V, the third inequality follows
from concavity of V" and the factthat 2 (1 d)ac (1 d)x (Lemma 5), and the last
inequality follows from Lemma 4 ii).

By the de nition of u, and given that x  ac, we have

wlz, (1 dz) wz,2)=¢ @ dx)/b>pp(z @A d)x),

where the last inequality follows from Lemma 2. Since we have shown that u(x, (1
d)xr) u(zr,z) pp(z (1 d)z). This leads to a contradiction and establishes the desired
result.

Consider the subregion (a;, £].

Suppose on the contrary there exists = 2 (a;,2] and z 2 h(x) such that - 2
[C(2# x)+ 2, 2] There are two possible cases: (i) z > 2; (i) z < {(&# z)+ 2.

Consider (i) z > £. We have

V(z) =ulx,2) + pV(z) ulx,?)+ pV(2).
Rearranging the equation, we have
w,®)  u(e,2) p(V(z) V@) pVi®( 2 ppz D),

where the second inequality follows from concavity of V' and the last inequality follows
from Lemma 4 ii).
By the de nition of u, and given that x 2 (a;,£] and ¢ 0, we have

u(z,2)  u(r,z)  @Q/0)(z 2)>Po(z %),

where the last inequality follows from Lemma 2.
Since we have shown that u(z,2) wu(z,z) pp(z 2). This leads to a contradiction
and establishes the desired result.



Consider (ii) z < (& z)+ 2. We have
V(z) =uw(z,z) +pV(z)  ulz, (@ 2)+2)+pV(C(2 x)+15).
Rearranging the equation, we have

u(z, 2)  ulz, (2 z)+ 1) p(V(CE@ 2)+2) V(2)
VL@ o)+ )@ 2)+8) 2)
pPVIAENE@ o) +1) 2 p(C@ x)+2) 2)

where the second inequality follows from concavity of 1/, the third inequality follows from
concavity of V' and the fact that ((# z)+2 2 for = 2 (a,, 2], and the last inequality
follows from Lemma 4 ii).

By the de nition of «, and given that x 2 (a,, 2], we have

u(z,z)  ulz, (2 z)+2) %((C(fﬁ )+ 8)  2) <pp((C(¢ 2)+28) 2),

where the last inequality follows from Lemma 2.

Since we have shown that u(x,z) u(x, (((2 x)+2)) pp((C(R 2)+2) =2).
This leads to a contradiction and establishes the desired result.

Last, consider the subregion (2, ac).

Suppose on the contrary there exists © 2 (#,ac) and z 2 h(z) such that = 2
[2,((® x)+ 2]. There are two possible cases: (i) z < 2; (ii) z > {(&# x)+ 2.

Consider (i) z < £. We have

V(z) = ulx,2) + pV(z) ulx,?)+ pV (D).
Rearranging the equation, we have
wz,z)  w(@2)  p(V(®) V() pV' (@& 2) ppE 2),

where the second inequality follows from concavity of V' and the third inequality follows

from Lemma 4 ii).
By the de nition of «, and given that x 2 (£,ac) and ( 0, we have

u(z,z)  u(x,?) ba—l(!l} 2) < pp(®  2),
ac

where the last inequality follows from Lemma 2.
Since we have shown that u(z, z) w(x,2) pp(& =z). This leads to a contradiction
and establishes the desired result.

10



Consider (ii) z > (& z) + 2. We have
V(z) =u(z,2) + pV(z)  u(z, (@ 2)+2)+pV(C(@ z)+1%).
Rearranging the equation, we have

u(z, ¢ 2)+2)  u(z,2) p(V(z) V(@ z)+7%)
PVC@ o)+ (@ 2)+1))
Vi (& 2)+8)  ppz (& a)+ %)

where the second inequality follows from concavity of V, the third inequality follows
from concavity of V' and the fact that ((# =z)+ %2 2 for x 2 (£,ac), and the last
inequality follows from Lemma 4 ii).

By the de nition of «, and given that x 2 (£, ac) we have

u(z, (@ 2)+8) ulz,z) @/D)E Q& 2)+2)>p(z & z)+1),

where the last inequality follows from Lemma 2.

Since we have shown that u(z, (((2 x)+2)) wu(x,z) pp(z (@ =x2)+2)).
This leads to a contradiction and establishes the desired result.

Proof of Proposition 4:

It has been covered in Proposition 3 for z 2 (0,a,] [ [ac, ). We only need to
consider z 2 (ay,ac). Suppose z is in (a;,2]. Since ( > l1and ¢ 0, we have = <
¢® x)+2 2, which implies {(# =z)+ 2 2 (aj,ac). Similarly, if x 2 (£,ac), we
must have ((# x)+ 2 2 (ay,ac). This suggests that for any x 2 (a,,ac), if we follow
the policy such that 2" = ((# ) + 2, the stock of the next period is also in (a;,ac)
and therefore, the policy that fully utilizes resources for = 2 (a;,ac) leads to zero total
value loss. Any deviation from this policy leads to a positive value loss for = 2 (a,, ac),
and therefore, it is not optimal. Hence, according to Lemma 8, h(x) = f{(2# xz)+2g
for z 2 (ay, ac).

Proof of Proposition 5:

Since ¢ is in (0, 1], or more explicitly, b(ac @) (1 d) 1, rearranging the
terms, we must have (ac  0a;) + (1  d)ac «) 0, which implies that at least one
of the following two inequalities holds: (A) ac  fa;; (B) (1 d)ac  a,. Therefore, we
consider three possible cases.

(i) Both (A) and (B) hold: ac  f0a, and (1  d)ac  ay.

This is the simplest case. Consider z 2 [ay,ac]. Since f(z) (& z) #2) 2
[ac(l d),a0] [ar,ac], the sequence of the capital stock generated by f, ff'(z)gl,, is
bounded by [a,, ac]. Further, since we know from Lemma 1 that the value loss associated
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with (x, f(x)) is zero for = 2 [a,, ac], the sum of the discounted value losses associated
with fft(x)giL, is zero. Stating from z, any program that deviates from ff*(z)gL, yields
a positive value loss. According to Lemma 8, h(z) = f((# =) 2)gfor z 2 [ay,ac].

Now consider = 2 (2/6,a,). According to Theorem 1, we know A(x) [£, 6]
[2,0a,] [2,ac]. Since we know that the total value loss for the optimal program starting
from = 2 [ay, ac] is always zero, we just need to check the one-period value loss for (x, 2°)
with = 2 (8/60,a;) and 2' 2 [2, 0]

0 (z,2") = u@B)+(p P uw@,a’) Ppa' )
= u@ 2+ PP Lac)z (a/b)E @ D)) P ).
Then we have 95 (2.2")
xr,xr°) _ a
o' ach b <0,
where the inequality follows from Lemma 2. Since the one-period value loss strictly
decreases with 27, it attains its unique minimum and therefore the total value loss attains
its unique minimum, when 2° attains its uniqgue maximum, which implies that h(z) =
Toxq for z 2 (2/0, ay).
Consider = 2 (ac,2/(1 d)). According to Theorem 1, we know h(z)  [(1
d)x, 2] [(1 d)ac,2] [a1,2] Since we know that the total value loss for the optimal
program starting from = 2 [a,, ac] is always zero, we just need to check the one-period
value loss for (z,2') with = 2 (ac,2/(1 d))and 2' 2 [(1 d)z,%]:

0 () =u@® D)+ D 1 @/HE @ da) e’ ).

Then we have

96 (z, 2" 1
(‘gx‘; : 0 B >0,
where the inequality follows from Lemma 2. Since the one-period value loss strictly
increases with 2!, it attains its unique minimum and therefore the total value loss attains
its unique minimum, when 2° attains its unique minimum, which implies h(z) = f(1
d)zg for z 2 (ac,2/(1 d)).

Combined with the characterization for = 2 (0,£2/0] L[2/(1 d), 1) as in Theorem
1, we have obtained the desired result for case (i).

(ii) Only (B) holds: ac < fa, and (1  d)ac  qy.

The complication arises from the fact that ac < a;60. As ac < a1, f(a;) =
¢(®  a) +2=a0 > ac, which means, f(a;) 2 [a1,ac]. The total value loss could be
strictly positive even if we follow the policy f with an initial stock starting from a,.

Consider x 2 [2,ac]. Since ac(l d) ay, f(x) =@ 2)+22[1 dac,?]
[ar,2]. Since f(z) 2 [a1,2], f2(x) =Cx+ (@ (A2 2[R,2] [2 ac], where %z + (1
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¢?)2  x follows from ¢ 2 (0,1] and =  #. Therefore, ff(x)gL,, is bounded by [a;, ac].
It follows from the argument for case (i) that h(z) = f((2 z) + 29 for x 2 [2, ac].

Consider = 2 [ac(¢ d)/(,%). Since ac < a16, ac(( d)/¢ > a. Since f(z) 2
(2,ac] with § (x, f(x)) = 0 and we have shown that the optimal policy function leads
to the total value loss being zero for any initial stock in (£, ac], we must have h(x) =
(@ z)+2gforx2fac(C d)/¢,2).

Consider = 2 (ac,2/(1  d)). According to Theorem 1, we know h(z)  [(1
Az, 2] A dac,?] [ac(C d)/¢ 2], where [(1  d)ac,2] [ac(( d)/(, 2] follows
from ¢ 2 (0,1]. Then it follows from the argument for case (i) that iA(z) = f(1 d)zg
for z 2 (ac,2/(1 d)).

Consider = 2 (2/6,ac/6]. Since ac < a0, ac/0 < a,. According to Theorem 1,
we know h(z) [2,0z] [£,ac]. Again, it follows from the argument for case (i) that
h(z) = f0xg for z 2 (£/6, ac /6.

Last, consider = 2 (ac/0,ac(¢ d)/¢).According to Theorem 1, h(z)  [£, minflz, ((2
x) + 24g]. Since x isin (ac/0,ac(( d)/(), we have [2,ac] [2, minfoz, (2 x)+ 2q].
Let 2' 2 [#,minflz, (& 2) + 2£g]. If 2  ac, then the total value loss is simply
the one period value loss § (z,2"). Following the argument for case (i), the one pe-
riod value loss is minimized when 2z° attains its maximum, ac. Hence, we must have
h(x) [ac,minfOx, ((& x)+ 2Q].

Combined with the characterization for = 2 (0,2/0] [ [£/(1  d), 1) in Theorem
1, we have obtained the desired result for case (ii).

(iii) Only (A) holds: ac  fay and (1 d)ac < qy.

The complication for this case arises from the fact that ac(1 d) < a;. As ac(1
d) < ay, flac) =C¢(& ac)+2 =1 d)ac < ay, which means f(ac) 2 [a1,ac]. The
total value loss could be strictly positive even if we follow the policy f with an initial
stock starting from ac.

Consider = 2 [ay,£]. Since ac a0, it follows symmetrically from the argument
for [2, ac] in case (ii) that h(x) = f((& x) + 29 for = 2 [ay, 2]

Consider x 2 (8, ac(1+ (1 d)/{) a/¢]. Sinceac(l d) < ay,ac(l+(1 d)/C)
ay /¢ < ac. Then it follows symmetrically from the argument for [ac(¢ d)/(, %) in case
(ii) that h(z) = F((® z)+2gforz2 (B,ac(l+ (@1 d)/O) /]

Consider = 2 (£/6,a,). According to Theorem 1, h(x) [2,0x] [2,0a,]
2, ac(1+(1 d)/¢) a/C],where the last holds because fa; ac(l+(1 d)/() /¢,
which itself follows from f(6a;) @ (dueto ¢ 1), flac@+ @1 d)/¢) ar/{) =,
and f being decreasing. Then it follows from the argument for case (i) that i(x) = fxg
for z 2 (2/60, ay).

Consider z 2 (a; /(1 d),2/(1 d)).Sinceac(l d) <ay,a;/(1 d) > ac.According
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to Theorem 1, h(x) [(1 d)x,2] [a1,%] It then follows from the argument for case
(i) that h(x) =F(1 d)zgfor z 2 (/1 d),2/(1 d)).

Last, consider 2 (ac(1+(1 d)/¢) a/¢,a/(1 d)). According to Theorem 1,
h(z) [maxf(l d)z,((® z)+2g,2] Sincexisin(ac(l+@ d)/Q) ar/(,ar/(1 d)),
we have [a;,2] [maxf(l d)z,((# z)+ £9,2]. If 2'  q,, then total value loss is
simply the one period value loss. Following the argument for case (i), the one period
value loss is minimized when 2" attains its minimum, a,. Then we must have h(z)
[maxf(l d)x, (& =x)+209,q].

Combined with the characterization for = 2 (0,2/60] [ [2/(1 d), 1) in Theorem
1, we have obtained the desired result for case (iii).

Proof of Theorem 2:

We rst show the rst part of the proposition concerning the de nition and the
order of pi. Let fi(p) acb( P (ac  a)alp ailac a). Since f(0) <0
and fi(p) > 0 for p su ciently large, there must exist at least one positive root to the
equation fi(p) = 0. Suppose there are two di erent roots, denoted by p; and p,. Without
loss of generality, let p; > p,. Then we have

acb(l d)tﬂtfr1 (ac  ar)aiCpr  ar(ac ar)
acb(l  d)'p5™  (ac  a)ailpz ai(fac @) = 0,

which implies

acb(l 'Y S =(ac  adal(pr  p2)
acb(l  d)'(pi™  p5™)

> ac b(l d)tIO‘Z: )
[ )

» (ac a)a(=

where the last equality follows from p; > p,. Since (ac  ar)ai¢ > acb(l  d)'p5, ach(l
d)stt (ac a)aCp2 ar(ac @) <0, leading to the contradiction. Hence, p is the
unique positive root, being well-de ned. Further, since f1(1/0) =bac(l d 6)/6?> <0
and we know fi(p) is positive for p su ciently large, p; > 1/6. Since fi(1/(1 d)) =
blac  ar1)/(1 d) > 0and we know f;(0) <0, prt <1/(1 d) for any t.

By de nition, we have

fr1(per1) =0 4 ach(l ™G (ac adalper  alac  ar) =0
fitlp) =0 5 acb(1 d)tpiﬂ (ac  a)alpr ay(ac  ay) =0.

Since p+1 < 1/(1  d), or equivalently, pi+1 (1 d) < 1,

Jer1(pt) = acb(l d)tﬂP?z (ac  a)aiCpr  (ac  an)ay < fi(py) = 0.
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Further, we know fi(p) > 0 for p su ciently large, SO pg+1 > pt.

Now we turn to characterizing the optimal policy correspondence for = 2 (ac /0, ac(¢
d)/0).

Pick the smallest integer to such that ¢;0(1 d)* < ac. By construction, t; 1
and g1 d)° !  ac,s0 a0l d) (1 dac ac(C d)/¢, where the last
inequality follows from 0 < ¢ 1.

Pick = 2 (ac/0,ac(¢ d)/¢). According to case (ii) in Proposition 5, the stock for
the next period, 2%, has to be in [ac, minf((® 2)+2,0xg],s02' ;0. Pick the smallest
integer ¢, such that (1 d)“a' < ac. Since 2' a0, by construction, 1 ¢, ¢, and
1 B2 ac,s0(1 DU (A dac  ac(C d)/C.

For any stock above ac, notice that the optimality mandates the stock in the
following period to shirk by (1 d) times. Following 2°, the stock for the next ¢; periods
are given by f(1  d)t2'giL,. Since (1 d)2' [ac(¢ d)/C,ac), after ¢, + 1 periods,
the total value loss of the remaining periods will be zero, so we focus on the total value
loss for the rst ¢; + 1 periods.

Consider the (¢, + 1)-period value loss associated with (z,2") and f((1 d)%2", (1
d)+iat)gish

<
b (2) 0 (z,a)+ P (Q @@L )T

t=0
- pplu(ﬁ,f)"'(Ptl DpE - Qac)z  (a/b)E A d)z))
p—ptl-'-l ﬁ(pt1+1(1 d)tl 2 CE)
1 »p

Then we have

G W P A e T O fu (o)
o b P DI e a)@+ 00 - baclae @+ p0)’

By construction of py,, we know 9/, (") /02" > 0 if p < py,; Oy, (%) /02" = 0 if
p = pr; Oy (2%) /02" < 0if p > py,.

Consider two possible cases: (1) to = 1; (2) to > 1.

For (1), to = 1, so we must have t; = 1. Hence, we only need to consider the
two-period value loss. If p > p1, the total value loss attains its minimum when 2° attains
its maximum, suggesting that h(x) = minf{(2 )+ 2,0x9. If p = p;, then the total
value loss is constant with respect to 2%, so h(z) = [ac, minf((® )+ 2,0zg]. If p < p1,
the total value loss attains its minimum when 2° attains its minimum, which implies that
h(x) = facg.
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For (2), (1/6, 1) is partitioned by Fpgi2, : (1/0, p1), F010, (o1 p2)serer (pto 1, Pro):
fptog’ and ()Otou 1)

Consider p < p;. The two-period value loss is minimized and total value loss is
equal to the two-period value loss when 2' = ac, so h(z) = facg.

Consider p = p, for ¢, taking value from f1,2,....¢,g. The (¢, + 1)-period value
loss and also the total value loss is constant with respect to z° for a xed t;. Since
p = py, p > pg forany t; < t; and p < pg for any ¢; > t1. Since p > pg for
any ¢} < t;, the total value loss decreases with 2! for t] < t;, or equivalently, for
2@ A"t < acf] Since p < pg for any ¢ >, the total value loss increases
with 2! for £} > t1, or equivalently, for 2%(1 d)®*  ac. If minf((# 2)+ 2,029 >
ac/(1  d)%, then h(z) = [ac/(1  d)" Yac/(1  d)B]. If minf((2 z)+ 2,029 2
[ac/(1  d)® Yac/(1 d)4], then h(z) = [ac/(1 d)% L, minf((® x) + £, 0zq]. If
minf¢(2 z)+ 2,029 < ac/(1 d)%, then h(x) = minf((® z)+ 2,0xg. In sum, for
p = py, W(x) = [minf((® 2)+2,0z,ac/(L d)t ‘g, minf¢(® xz)+2,0x,ac/(1 d)tg].

Consider p 2 (py,pr,+1) for ¢, taking value from f1, ...t 1g. The (t; + 1)-
period value loss and also the total value loss is minimized when 2" attains its maximum
for a xed ?;. Since p < py+1, p < pg for any 4 > t1, which implies that the total
value loss increases with 20 for t; > t;, or equivalently, for 2%(1 d)%  ac. Since
p > py, p > py for any 4 < t1, which implies that the total value loss decreases
with 2° for #} < t;, or equivalently, for 2'(1  d)® ! < ac. Hence, we have h(z) =
minf¢(2 xz)+2,0z,ac/(1 d)4g.

Last, consider p > pg,. Since we know py, pi forany ¢t = 1,2, ..., to, p > py, for
any t;. This suggests that the (¢, + 1)-period value loss and also the total value loss
decreases with z” for any given ;. Then the total value loss is minimized when 2! attains
its maximum. Hence, A(x) = minf((2 z) + 2, 60zq.

We have now obtained the desired conclusion.

Proof of Theorem 3:

We rst show the rst part of the proposition concerning the de nition and the
order of py. Let fi(p) 00"t (ac a)Cp (ac a;). Since f(0) < 0and f(p) > O for
p su ciently large, there must exist at least one positive root to the equation fi(p) = 0.
Suppose there are two di erent roots, denoted by p; and p,. Without loss of generality,
let p1 > po. Then we have

b7t (ac a)lpr (ac @)
b5t (ac a)Cp2  (ac  ar) 0,

SHere we implicitly rely on the continuity of the value function.
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which implies
't pz)
1

b0 (pi p5) =(ac a)l(pr p2) » (ac @)= > b'ps,
where the last equality follows from p; > p,. Since (ac  a;)¢ > bO%p5, bOLPS™  (ac
a)Cp2  (ac a1) < 0, leading to the contradiction. Hence, p; is the unique positive
root, being well-de ned. Further, since fi(1/0) = blac a1)/(a;0) < 0 and we know
ft(p) is positive for p su ciently large, pr > 1/6.

By de nition, we have

fea1(pe1) =0 , 00652 (ac @)lprer (ac @) =0
ft(p) =0 , betﬁtﬂ (ac  ar)¢pr (ac a1) =0.

Since pe+1 > 1/0, or equivalently, pr160 > 1,

fi(pe+1) = 000551 (ac a)Cpre1 (ac  a1) < firr(prer) = 0.

Further, we know fi(p) > 0 for p su ciently large, SO pr+1 < pt.

Now we turn to characterizing the optimal policy correspondence for x 2 (ac (1 +
@ Q) a/Ca/@ d)).

Pick the smallest integer to such that #%ac(1 d) > a;. By construction, t; 1
and 0% lac(l d) a;,s00%ac(l d) Oay ac(Q+ @ d)/¢) ar/¢, where the
last inequality follows from ¢ 1 and a0 ac (also see the proof for Proposition 5).

Pick x 2 (ac(1+(1 d)/¢) ar/¢,ar /(1 d)). According to case (iii) in Proposition
5, the stock for the next period, z', has to be in [maxf((# )+ 2,(1 d)zg,a], so
2 ac(l d). Pick the smallest integer ¢; such that #%2 > a,. Since 2' ac(1l d),
by construction, 1  t; tgand 0% ac(l d) ar, s0 0%ac(l d) Oay ac(l+
1 d)/¢) ai/C. For any stock below a;, notice that the optimality mandates the stock
in the following period to grow up by @ times. Following 2°, the stock for the next ¢;
periods are given by ftz'giL,. Since 022" (aj,ac(L+ (1 d)/¢) a/C], after t; + 1
periods, the total value loss of the remaining periods will be zero, so we focus on the
total value loss for the rst ¢, + 1 periods.

Consider the (¢;+1)-period value loss associated with (z, 2%) and f(6%z’, *2") gzt *.

>
gtl(IO) 5 (ZE, JIO) + Pt+15 (QtZL’O, (9t+1$0)
t=0

u@ )+ (" DeE 1 @/DE @ ) peT0" x)

t1

p
p
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Then we have

Oly, (2 1 .
S =g s

prrigs fu o)
(ac a)@+p)  Mac a)@+pQ)

By construction of p,, we know 9/, (2") /02" > 0 if p < py,; 0, (%) /02" = 0 if
p = pui Oty (17)/02° < 0 if p > py,.

Consider two possible cases: (1) to = 1; (2) to > 1.

For (1), to = 1, so t; = 1. Hence, we only need to consider the two-period value
loss. If p < pi, the total value loss attains its minimum when 2° attains its minimum,
suggesting that h(x) = maxf{(2 =z)+2,(1 d)xg. If p = py, then the total value loss
is constant with respect to 2, so h(z) = [maxf((# z)+2,(1 d)xg,a]. If p > py, the
total value loss attains its minimum when 2° attains its maximum, which implies that
h(x) = fa,qg.

For (2), (1/6, 1) is partitioned by i : (1/6, pro), Fpe9, (o, o 1), (P2, P,
frmg, and (py, 1).

Consider p > p;. The two-period value loss is minimized and total value loss is
equal to the two-period value loss when 2" = q,, so h(z) = fa,Q.

Consider p = p, for t; taking value from f1,2, ..., t0g. The (¢; + 1)-period value
loss and also the total value loss is constant with respect to z° for a xed ¢;. Since
p = pu, p > pg forany t; > t; and p < pg for any ¢} < t1. Since p > py for
any ¢} > t;, the total value loss decreases with 2! for t] > t;, or equivalently, for
2o a.ﬂ Since p < pg for any ¢ < t;, the total value loss increases with «° for
4 < t1, or equivalently, for 2%% 1 > q;. If maxf((® 2)+ 2,1 d)zg < a /0%,
then h(z) = [a) /0%, a, /0% ). If maxf((® 2)+2,(1  d)zg 2 [ay/0%,a, /6% 1], then
h(z) = [maxf((® 2)+2,(1 d)xg,a; /0% ] If maxf((® 2)+2,(1 d)zg > a, /0% 1,
then h(z) = maxf¢(2 z)+2,(1 d)xg. In sum, for p = py,, h(z) = [maxf((® =x)+
2,0 d)x,a/0g, maxf((® z)+2,Q  d)z,a /0" 1g].

Consider p 2 (p,+1, pt,) for ¢; taking value from f1,....¢o 1g. The (¢, + 1)-period
value loss and also the total value loss is minimized when z° attains its minimum for
a xed t;. Since p > py+1, p > py for any 4 > t1, which implies that the total value
loss decreases with z° for ¢} > ¢, or equivalently, for "% ;. Since p < py,, p < pg
for any ¢} < t;, which implies that the total value loss increases with z° for t] < ¢, or
equivalently, for 2°0% ! > a,. Hence, we have h(z) = maxf((# 2)+2,(1 d)z,aq,/0%g.

Last, consider p < py,. Since we know py, pcforany ¢t =12 ... to, p < py, for
any t;. This suggests that the (¢; + 1)-period value loss and also the total value loss
increases with z° for any given ¢;. Then the total value loss is minimized when 2° attains
its minimum. Hence, A(z) = maxf{(® z)+2,(1 d)xg.

>

SHere we implicitly rely on the continuity of the value function.
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We have now obtained the desired conclusion.

2 Additional lllustration

a/e’

a(1-d)

a/e’

a(14(1 —Id)/g)—al/g a a,/ (1-d)

Figure 1: Illustration of Theorem 3
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